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In this paper we summarise the status of single field models of inflation in light of the WMAP 
7 data release. We find little has changed since the 5 year release, and results are consistent with 
previous findings. The increase in the upper bound on the running of the spectral index impacts on 
the status of the production of Primordial Black Holes from single field models. The lower bound 
on /nl" i s reduced and thus the bounds on the theoretical parameters of (UV) DBI single brane 
models are weakened. In the case of multiple coincident branes the bounds are also weakened and 
the two, three or four brane cases will produce a tensor-signal that could possibly be observed in 
the future. 
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I. INTRODUCTION 



We review the status of single-field models of inflation in light of the latest data release from the Wilkinson 
Microwave Anisotropy Probe [l| . We utilise the 7 year WMAP data, combined with the Baryon Acoustic Oscillations 
(BAO) and measurement of the Hubble parameter from the supernovae data, the HO set. This data set combination 
is considered the best estimate for cosmological parameters at present [l| ■ 

We categorise our models into 'canonical' and 'non-canonical' models in concordance with Ref. [2[. Canonical 
<"*> i' models have a pressure term P given as P = X — V(4>), where X is the kinetic term, V(<f>) is the potential, and the 
inflaton {(f) fluctuations propagate at the speed of light. Non-canonical models on the other hand have a pressure 
. term which is non-linearly dependant on X and the inflaton fluctuations propagate at a different speed to light (see 
for example Refs. 0, Our canonical models are then sub-categorised into 'small' and 'large' field models, where 
small field models arc defined as those with an inflaton variation less than the Planck scale Acf> < mph 

The observational parameters that we will be utilising in this paper are the spectral index n s , the running of the 
, spectral index n' s , the tensor fraction r and the non-gaussianity parameter for an equilateral configuration /^'. The 
J> ■ WMAP7 + HO data set gives bounds on these parameters which we list at the 2a confidence limit, 

Q\ , 0.939 < n s < 0.987, 

r < 0.24, 
-0.084 < n' < 0.02 . 



-214 < /° q L UI < 266 . (1.1) 

We have presented the bounds on n s for n' s = and r = priors, the bound on r is for an n' s = prior and the 
bounds on n' s are for an r = prior. 

A key parameter in inflation model discrimination is the number of e— folds N, which is the logarithmic ratio of 
the comoving hubble horizon at the end of inflation to its value at the time when scales of cosmological interest left 
^ , the horizon. Liberal limits on N are taken to be 
_ _ i 

10 < N < 110, (1.2) 

where the lower bound comes from the demand that nucleo-synthesis is well bounded, and the upper bound assumes 
that the universe underwent a few bouts of "fast" roll inflation [5j. The following bounds on N are more commonly 
used in the literature 

A r = 54±7, (1.3) 
where the uncertainty comes from our ignorance of reheating. In this paper we assume instant reheating. 
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In Section (p} we briefly overview models of inflation with canonical kinetic terms, both small and large field, and 
present the results of their predictions for n s , r and n' s and how they compare to the latest WMAP data release. We 
do not give an in depth review of these models or their motivation, for such reviews refer to Refs. 0, l^4loj . In Section 
piip we analyse single field Dirac-Born-Infcld models of inflation in light of WMAP7. 



II. CANONICAL MODELS OF INFLATION 



Small Field Models 



Models with negligible running 



A general form for a small field model is the tree level potential given by 

pi 

V = Va 1 ± ( £ ' 



(2.1) 



where fi and Vb are constants, /i < wpi and p can be positive [IiT - [l5| or negative [l6[. The case p = —4 can also arise 
in certain models of brane inflation [17] . One loop corrections in F— term hybrid supersymmetry (SUSY) potentials 
[i~8U20j also result in a small field potential 



V = Vn 



1 



2tt 



Q 



(2.2) 



which we dub the logarithmic potential. Q determines the renormalisation scale and g < 1 is the coupling of the 
super-field which defines the inflaton to the super-field which defines the flat directions. Finally, we also analyse the 
exponential potential 



V = V 



1 



-qtp/mn 



(2.3) 



where the value of the parameter q depends on whether Eq. (|2.3p is derived from non-minimal inflation [21] such 
as lifting a flat direction in SUSY via a Kahler potential [20[ or from non- Einstein gravity jf| [22j ■ This potential 
also arises from assuming a variable Planck mass (see for example 0, [24[) and from Higgs inflation (see for example 
25]). Though not technically a small field model, since <fi can be greater than mp\ in the region where Vq dominates, 
we group this potential in this category because it predicts a small r and shares the same form for the spectral index 
as the other small-field models, 



1 



P-1 
N \p — 2 



(2.4) 



Eq. (|2.2p corresponds to p — > and Eq. (|2.3p corresponds to p —> oo. We plot the results for Eq. (I2.4p in Fig. (JXJ) , for 
the range of e-folds 14 < A^ < 75. We find that the prediction for the model with p = 3 does not intersect with the 
la region for this range; we would require more than 67 e-folds of inflation for it to intersect with the 2a region and 
more than 80 for it to intersect with the la region. If we were to limit ourselves to the standard range of e— folds 
(|1.3p then the positive powers of p will be further constrained by the data, as summarised in Table (jl| . 





Outside the 
la region 


Outside the 
2(j region 


N = 47 


p < 14.4 


p < 4.6 


N = 54 


p < 6.1 


p < 3.7 


AT = 61 


p < 4.8 


p < 3.2 



TABLE I: The exclusion limits for positive values of p for particular values of N, based on the combined WMAP7 + BAO + Ho 
data on the spectral index. All values of p < are included at the 1 and 2a levels for this range. 
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FIG. 1: Plot of Eq. I|2.4p : the spectral index versus the number of e— folds for fixed values of p. The light blue (light grey) and 
dark blue (dark grey) regions correspond to the la and 2a allowed regions respectively. The dark green (uppermost) line is the 
logarithmic potential (|2.2[) . below that are the blue dash-dotted p = —3 and p — —4 results from the tree level potential (12.111 . 
the yellow line (central line) is the prediction for the exponential potential (|2.3[) and the red dashed lines are (from the bottom 
up) p = 3, p = 4 and p = 5 predictions of the tree level potential (|2.1[) . 



2. Models which predict PBHs 



Black holes could have been produced at the end of inflation with an abundance that may be detected, if the 
spectral amplitude at the corresponding scales is Vq ~ 10~ 3 (26l - [29| . It has been shown (2i| that this requires that the 
running of the spectral index is positive n' s > and that e(<p en d) < e(</>*), which is predicted by a hilltop- type model of 
inflation [3(| and the running mass model (3lTl33| . The upper bound on the spectral amplitude at the end of inflation 
is given as V$(N = 0) < 0.03 [34], [Hj], and the upper bound on n' s has gone up to 0.02. Denning B = e(</> e )/e(0*) the 
condition for PBH formation is then 



8 < logS < -6. 



(2.5) 



The Hilltop-type inflation model is given by the phenomenological potential 

V = V (l + r,J-^- ) -r,J-$- Y) , 
\ \mpij \mp\J J 

where < p < q, and the Running mass model is given by 



(2: 



V = V 



1 Mo + A / (j> 
2 \ TO Pi 



An 



_/jL 

2(l + aln(0/mpi)) 2 \m V \ 



(2.7) 



where /ip is the mass of the inflaton squared, Aq is the gaugino mass squared in units of mpi, and a is related to the 
gauge coupling. 

We have analysed Eq. (|2.6j) for a range of inflaton couplings with fixed N — 68 and n s — 0.924, and we plot the 
results in Fig. (0). We find that both {p, q} — {2, 2.5} and {p, q} = {2, 3} can lead to the formation of PBHs without 
violating astrophysical constraints, if r/ p <C 1. We also find that {p, q} — {2, 4} would lead to the formation of PBHs 
for N — 100. As for the running mass model we find that the extension of the upper bound on n' s does not change 
the conclusions found in Ref. [30] ■ This is because the conservative N bound, which was used to place bounds on 
/ig and Aq, coincides with a running n' s < 0.01, imposing n' s — 0.02 means that scales of cosmological interest would 
have had to exit the horizon N ~ 20 e— folds prior to the formation of PBHs, for a = 0.01. 
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FIG. 2: Plot of log(B) vs. log(n' s ) for the hilltop model 1221) with N = 68 and a range of inflaton couplings. The blue dots 
represent {p, q} = {2,2.5}, the green diamonds {p, q} = {2,3} and the red crosses are {p, q} = {2,4}. The vertical yellow 
line corresponds to the WMAP5 upper bound on \og(n' g ). The hatched region is excluded, representing log(B) < —8 and 
log(n' s ) > —2. The region log(B) > —6 does not lead to the formation of PBHs with an abundance that can be detected, and 
is represented by the tan color (dark region) in the figure. PBHs can form in the region —8 < log(B) < —6 with an abundance 
that may be detected and without violating astrophysical or cosmological bounds; it is represented by the light orange region. 



B. Large field models 



Since inflation generically predicts a primordial gravitational wave background a detection of this signal would 
provide strong evidence in favour of inflation [36| . The signature of gravitational waves is parametrised by the tensor 
fraction r, the analytical form for which was first derived by Ref. [37j in which the fact that models of the form 
V{4>) oc <j> n lead to a large r was highlighted. This result was extended by Ref. [HI, where the author found that 
large field models necessarily lead to a significant tensor fraction, and is why such models are of particular interest. 
The basic class of large field models is the monomial potential V oc ^ , where 8 can be a positive (chaotic) [39|, H3| or 
negative (intermediate) [4l| integer, or a positive fraction (monodromy) [42j. The dependence of the tensor fraction 
on the spectral index is then 

1 ~ Tls = ^f' r = i(iVK-l)-l), (2.8) 
r=^d-n s ), (2.9) 

where Eq. (|2.8I) is for 8 > and Eq. (|2.9|) is for j3 < 0. A realisation of the chaotic, 8 = 2, model arises in 
Natural-Inflation [H, where the inflaton is represented by a pseudo-Nambu Goldstone boson, with a sinusoidal 
potential 



We plot the tensor fraction versus the spectral index for the large field potentials in Fig. ([3]). We find that the 
intermediate model with \B\ S> 2 is now allowed at ler. 
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FIG. 3: Plot of the tensor fraction versus the spectral index for the monomial and natural inflation models. The light blue 
(light grey) and dark blue (dark grey) regions correspond to the la and 2a regions respectively. The solid straight lines from 
left to right correspond to N = 47 (dark blue), N = 54 (dark red) and TV = 61 (dark green), the curved lines which intersect 
these lines represent the predictions for natural inflation for the corresponding number of e— folds. The blue and pink squares 
correspond to /3 = 2/5 and /3 = 2/3 respectively, and are the predictions from the Monodromy model [4^|. The dashed lines 
are the predictions for the intermediate models, /? < 0. The data used is the WMAP7 + HO set applied to the ACDM + tensor 
model with a zero running prior. The contours were generated using the Matlab scripts provided by the Cosmomc package. 



III. NON-CANONICAL MODELS OF INFLATION 



A. Single brane DBI models 



Non-canonical models are denned as having a pressure term which is a non-linear function of the kinetic term. In 
these models inflation can occur for a non-fiat potential or a non-slowly rolling innaton. The former scenario results 
in a near exponential expansion of the universe if the velocity of the rolling innaton is restricted, as is the case in the 
Dirac-Born-Infeld model. In this type IIB string theory inspired model, D(3 + 2nd) branes propagate in the warped 
throats of a Calabi-Yau Manifold jl7l . |45| in what is termed the Ultra Violet (UV) case, where rid parametrises the 
dimensionality of the brane. The infiaton in this case is the radial position of the brane with respect to the ti p o f the 
throat, and the motion of the brane, and hence the rate of </> variation is restricted by the warped geometry [46h48| | . 
In the setup we are considering, the base of the throat is an Einstein-Sasaki manifold X5, while the throat is an 
AdSs x X5 manifold with a Klebanov-Strassler background geometry [49[ . The pressure term is given by [50j 



2n d +3 



-T- 



2n d +3' 



2X 



T2n d +3h 4 



1/2 



- V(</>) + T 2nd+3 h A , 



(3.1) 



where = (0, 1,2,3), T 3 is the tension of a D3 brane, h is the throat warp factor and T 3 h 4 is the tension of the 
brane. One can then derive a modified consistency relation Q 



Q = r^-f NL V Q --j={l~n s )^P Q 



1 

71 



2 15 +" 1 / Vol(X 5 P (2+n)/2 ' 



1/4 



(3.2) 



where vm is the volume of the wrapped throat, g s is the string coupling. Vol(X 5 ) is the base volume and Af is related 
to the geometry of the throat. 

Since n s < 1, then from Eq. (13.21) we get an upper bound on the string-theoretic parameters 



< r 



\hf- 



vl7> c 1/2 < 0.1 , 



(3.3) 



where we used Jnl — —214, — 2.5 x 10 9 and r — 0.25 to get the upper bound on Q. This is a greater value, and 
hence a weaker bound than that found in Ref. [2| using the WMAP5 data. 



6 



For the wrapped D5 and D7 branes this gives upper bounds on the ratio Vol(X5)/7V that are independent of the 
inflationary potential 



Vol(X 5 ) 



Af 
Vol(X 5 



< 7.4 x 10 



- 6 9l /3 ■ 



D7 



< 1.5 X 



(3.4) 



which again are weaker upper bounds than those found in Ref. j2|, and is a result of a weaker bound on /S" 1 - The 
small values in Eq. (|3.4[) would not be cause for concern if they were consistent with theoretical expectations. However, 
theory suggests that Af < 75, 852 [5l[ and Vol(Xg) ~ 0(tt 3 ) If we were to satisfy the bound on Af, this would 
imply for the D5 brane that Vol(X5) < 0.5 and Vol(X5) < 7r 3 /3 for the D7 brane. On the other hand satisfying the 
bound on Vol(X 5 ) requires Af > 4, 200, 000 for the D5 brane and Af > 206, 700 for the D7 brane. 



B. Multiple Branes 

Models with multiple branes moving in a throat have also been postulated. When n branes are separated by equal 
distances and follow the same trajectory, the resultant theory is equivalent to n copies of the action for a single 
brane. More generally however multiple branes are expected to be separated over a range of scales with some being 
coincident. In Ref. [52j a model of multiple D3-branes was proposed in which the branes are coincident and the action 
exhibits a non-Abelian structure. In the relativistic limit of small sound speed the action for a small finite number of 
coincident branes takes the form 15 31 



where Y is defined as 



P = 2T 3 \h^l + {n-lYY I 1 - | - n,T 3 (V h 4 ) , (3.5) 

The equilateral non-gaussianity parameter can be written in terms of derivatives of the action with respect to <p. We 
will consider only that part of the branes' motion in the throat during which the scales leaving the horizon are those 
for which observational limits are placed on the tensor signal. For WMAP7 the number of e-folds this corresponds 
to, AN*, is around four. By using the Lyth bound [38j and relating the scalar power spectrum and derivatives of the 
action, an upper bound on the tensor to scalar ratio during observable inflation can be derived [53| : 

1100 [l + (n-l)^] 

r * < (AJV,) 6 Vol(X s ) ' cUnl > ■ 

This bound is valid whenever the change in <f> over observable scales is smaller than the magnitude of <f> when the 
observable section begins, or <fi* > A</>*. This is true for all UV models, with branes propagating down the throat, 
but must be assumed in the IR case when branes propagate away from the tip towards the bulk. 
If as before the throat is an AdSs x X5 manifold then Y takes a constant value 

_ A7T 2 g s Af 

YAdS = (n-l)Hfol(X 5 )- (3 - 8) 

Substituting this into Eq. 13.71 using the values Vo\(X^) ~ it 3 and g s ~ 10~ 2 , and saturating the Af < 75852 bound 
gives 



cqui 
NL 



< 2.8 x 10 -s . (3.9) 

In Fig. 2] the upper bound on r is plotted against the number of coincident branes for the 2-a limit on from 

WMAP5 and 7. As the bound on ff 1 has widened considerably in WMAP7, the possible tensor-scalar ratio has 
increased. Setting an optimistic observable limit of r > 10 -4 limits the number of coincident branes which would 
produce an observable signal. For WMAP5 an observable signal is limited to the two or three brane cases. With the 
WMAP7 limits the four brane case is also included. It is worth remarking that should the observational bounds on 
/nl" ^ e reduced to | J^l"! < ^0 t nen th e multi-coincident brane model would not produce an observable tensor signal 
for any number of branes. 



7 




FIG. 4: The tensor to scalar ratio is bounded from above by a function of and the number of branes. The upper blue 

line plots this relationship when the WMAP7 bound f^ 1 > —214 is saturated. The green dotted line is the equivalent for 
the WMAP5 value of the bound, /^'°' > —151. The red dash-dotted line plots the relationship if /^i" — 70, in which case an 
observable tensor signal of r > 10 -4 (shown by the grey dashed line) is not possible for any number of coincident branes. 

IV. SUMMARY 

In this paper we have analysed single field models of inflation with both canonical and non-canonical kinetic terms 
and find that the results are consistent with those of previous analyses using WMAP 5 data HH)]. In Ref.gl the 
authors use WMAP5 data in combination with ACBAR, QUAD, BICEP and SdSS LRG7 data and analyse models 
both with a zero and non-zero running. They conclude that there is some statistical preference of running models over 
power law models. In contrast, in this paper we have used the WMAP7 data combined with the BAO and Supernovae 
data sets and have not analysed models with a non-zero spectral running. We have updated the bounds on the relevant 
model parameters, and show that for the canonical models of small-field inflation, the power of the self-coupling in 
the tree-level potential with p > is more tightly constrained with the p = 3 model requiring more than 67 e— folds of 
inflation to satisfy the data at 2a, and the logarithmic potential requiring less than 40 e— folds of inflation to satisfy 
the data at la. Since the upper bound on the running of n s has increased, this has expanded the parameter space 
which allows for the production of PBHs within astrophysical bounds. The hilltop- type model of inflation now leads 
to the formation of PBHs for {p, q} = {2, 3} for N = 68 e— folds of inflation. We also find that imposing N > 20 
e— folds on the running mass model excludes the parameter space that leads to n' s > n' s \wMAP5, and as such we find 
no change from the conclusions of Ref. [3(| ■ We still find that the formation of PBHs is strongly dependent on the 
allowed upper bound on N, consistent with Refs. [3(| [EH- However, the fact that PBHs may form after less than 20 
e— folds of inflation in this model, raises the question of whether this model leads to the overclosure of the universe, 
and may be an avenue for further research. The monomial potential with positive power is still consistent with data 
at 1 and 2a for even a conservative range of N, and we find that we can now rule in the intermediate model with a 
power much greater than 2 at the la level. 

We find that the limits on the theoretical parameters of DBI models, with a single brane falling into a warped 
throat towards the tip, are weakened, however theoretical expectation is still at odds with observational bounds. In 
order to 'marry' theory to observation we would need to motivate a smaller base volume, a larger Euler number or 
observe a more negative /^l"- R e f- 56] included the bounds on local /nl in their analysis of the single field DBI 
model, and as a result exclude it from the la regime. We also find that the bounds on and r now allow for up 
to 4 branes in multi-brane DBI inflation. 
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